Expressions for general correlation functions in Ising ferro magnets are derived in terms of the Lee-Yang theorem. By the use of these expressions, the asymptotic forms of correlation functions in the presence of magnetic field are analyzed, assuming those in the absence of the external field. In particular, the critical indices of spin-spin, energy-density-energy-density, energydensity-spin correlation functions are related with the critical indices of thermal susceptibility XTo, specific heat, susceptibility XlIO, and magnetization. These results agree in form with those predicted by the scaling law approach.
It is our purpose in the present paper to study the relation among the critical indices of thermodynamic quantities and various spin-correlation functions. In one of the previous papers, 'we have discussed the functional form of the free energy in spin systems semi-phenomenologically.l) In the other papers by the present author,2),3) the asymptotic form of the free energy and magnetization in the Ising model near the transition point has been derived in terms of the distribution function 9 (0, t) of zeros in the fugacity plane. Rewriting the results given by Lee and Yang, 4 ) the free energy is expressed in tern~s of the distribution function of zeros in the follO\ving :2), 3) ,.. 
-F/kT= ~ g(O, t)log 2(cosh h
Assuming an asymptotic form of the susceptibility such as %o"--'t "I, the distribution function of zeros for small 0 and t has been derived in the form Expressions for general correlation functions in Ising ferro magnets are derived in terms of the Lee-Yang theorem. By the use of these expressions, the asymptotic forms of correlation functions in the presence of magnetic field are analyzed, assuming those in the absence of the external field. In particular, the critical indices of spin-spin, energy-density-energy-density, energydensity-spin correlation functions are related with the critical indices of thermal susceptibility XTo, specific heat, susceptibility XlIO, and magnetization. These results agree in form with those predicted by the scaling law approach. § 1. . Introduction It is our purpose in the present paper to study the relation among the critical indices of thermodynamic quantities and various spin-correlation functions. In one of the previous papers, 'we have discussed the functional form of the free energy in spin systems semi-phenomenologically.l) In the other papers by the present author,2),3) the asymptotic form of the free energy and magnetization in the Ising model near the transition point has been derived in terms of the distribution function 9 (0, t) of zeros in the fugacity plane. Rewriting the results given by Lee and Yang, 4 ) the free energy is expressed in tern~s of the distribution function of zeros in the follO\ving :2), 3) ,.. 
Assuming an asymptotic form of the susceptibility such as %o"--'t "I, the distribution function of zeros for small 0 and t has been derived in the form 
In ~ 2, \ve deri\-e similar basic expressions for general spin-correlation functions as the magnetic equation of state (1·2), by the use of the Lee-Yang theorem.
In § 3, \ve discuss the asymptotic form of even-even spin-correlation functions in the presence of magnetic field, such as the energy-density-energy-density correlation function, \\-hich is related with the anomaly of the specific heat. In § 4, odd-odd spin-correlation functions are analyzed. In this case a point different from that of even-even spin correlation function is that the odd-odd spin-correlation functions in the absence of the magnetic field vanish abO'l-e the transition point as the distance bet\veen the t\vo clusters becomes infinite. In particular, the critical behavior of the pair-correlation function is related ·with those of the magnetization and susceptibility. In § 5, \ve discuss odd-even spin-correlation functions such as the energy-density-spin correlation function, which is related \vith the susceptibility /'IIo or spontaneous magnetization. Finally, these results are compared \vith those predicted by the sCeding law. § 2. Basic equation.s
As the ferromagnetic Ising model is represented by the Hamiltonian 
o where we have used the property 
o where we have used the property In terms of the property lim <AoBR> = <A)<B) .
In a similar way, the correlation function of odd number of spins can be expressed in the following form:
. 11 ~>Tp()(O,t;R)
These expressions -will be used 111 the foll()\ving sections in order to investigate the relation between the asymptotic forms of the correlation functions in the absence of the magnetic f1eld and those in the presence of the external field. 
In terms of the property lim <AoBR> = <A)<B) .
These expressions -will be used 111 the foll()\ving sections in order to investigate the relation between the asymptotic forms of the correlation functions in the absence of the magnetic f1eld and those in the presence of the external field. ,..
for small t and h. From Eqs. (2·28) and (2·30) of lI, the distribution function for small 0 and t takes the form
Substituting Eq. (3·3) into Eq. (3·2), we obtain
Making the change of variable 0 =--= tJ' y, we get
Near the Curie point, we may replace the upper limit of the integral byinlinity, so that the correlation function can be expressed as
As was discussed in L and II,· there is also a case in which there exists a critical angle Oc(t) such that g(O, /)=0 for O<IOI:<=O()(t). From Eq. (2·27) of II, the critical angle near Tc is of the form for t>O,
so that in this case, the lower limit of the integral (3· 6) is simply replaced by a finite constant, and the discussion below is quite the same.
(ii) Now, if the correlation function in the absence of a magnetic field assumes the form (3 ·8) VI' hich will be discussed III Appendix C under a certain condition, then, in terms of Eq. (3·6), we obtain 00
As a suHicient condition, the integrand of Eq. (3·9) may be a function of Rt"l 
Near the Curie point, we may replace the upper limit of the integral byinlinity, so that the correlation function can be expressed as ( ') C) 
(ii) Now, if the correlation function in the absence of a magnetic field assumes the form (3 ·8) VI' hich will be discussed III Appendix C under a certain condition, then, in terms of Eq. (3·6), we obtain 00 ) PI (.r, y)fCv) y "ely = '(1 Ct:).
From Eq. (3 ·10) , the spectral intensity takes the follo\ving asymptotic form:
Therefore, the correlation function in the presence of the magnetic 11eld in terms of Eqs. (3 -6) and (3 -12) is given in the form
This result agrees with that given by the scaling law. The specific heat of the system is given by
where d is the dimensionality of the system, and the correlation function JEE in terms of Eq. (3 ·13) is given in the form Then, we obtain the following singularity of the speciilc heat: ) PI (.r, y)fCv) y "ely = '(1 Ct:).
This result agrees with that given by the scaling law. 
where d is the dimensionality of the system, and the correlation function JEE in terms of Eq. (3 ·13) is given in the form Then, we obtain the following singularity of the speciilc heat: Tn ~ 5, it will be discussed that the range of correlation defIned by means of the energy-density-energy-density correlation function is naturally expected -to be equal to that by means of the pair-correlation function. That: IS, we may put
w here V is the index for the range of correlation defined by means of the paircorrelation function. Then, from Eq. (3 ·19), the parameter }'/ is given by 
03·24)
whereas for very small i, 1.e. ZR <1,
This IS a 11lCC example for t he assumption (:3·8) with A I ::...-::: 2 and VI =::: 1. Tn ~ 5, it will be discussed that the range of correlation defIned by means of the energy-density-energy-density correlation function is naturally expected -to be equal to that by means of the pair-correlation function. That: IS, we may put
This IS a 11lCC example for t he assumption (:3·8) with A I ::...-::: 2 and VI =::: 1. 
and we have used the normali;-::ation r.
\ fJ (0, t) dO =b . (4<3) ()
(ii) Noting that above Tc and in the absence of the magnetic lield,
Il->oo which is a situation different from that in §:3, let us assume that the correlation function in the absence of the magnetic :field takes the form
In the same way as 111 §:3, the spectral intensity 111 terms of Eqs. (4 ·1) and (4·5) becomes (!J·6) as a sufficient condition. Then, -the correlation function 111 the presence of the magnetic field is given in the form (4·7) Equation (4·7) yields the expression for the product <A) <B) 1ll the presence of the magnetic field as / 1) /13"---1' < /1 13 ,,-f"2 A .,fij (7 t -J'), 
(4 ·17)
In particular, the initial susceptibility has the following singularity:8)
Consequently, the index r of the susceptibility IS glven by
r=v(d-J.). (4·19)
T'herefore, the parameters }\ and V in terms of Eqs. (4·16) and (4 ·19 
T'herefore, the parameters }\ and V in terms of Eqs. (4·16) and (4 ·19 it IS convenient to define the "semi-normalized" correlation function
In terms of Eq, (2·6), this correlation function is expressed as 
fO,C(-!'R)=(" PAB(O,l,R) (0 \10/("
then from Eqs. (5·3) and (5·4) we obtain 7r
-where we have used the asymptotic form
In the same way as in the previous sections, the spectral intensity takes the form it IS convenient to define the "semi-normalized" correlation function
In the same way as in the previous sections, the spectral intensity takes the form
Therefore, the correlation {unction in the presence of the magnetic field in terms and spin-density is derived: and spin-density is derived:
where
In terms of Eq. (1· 5), the magnetization can be -written 111 the form (5 ·15)
Consequently, the energy-density in terms of Eqs. (5 ·1~3) and (5 ·15), i~ given in the form (5 ·IG) where Therefore, the specilic heat has the singularity On the other hand, below the Curie point, the following susceptibility can be considered :9) 1-11
It can also be easily shown that the susceptibility (5 ·19) in terms of the energydensity-spin correlation function is expressed by'
In terms of Eqs. On the other hand, below the Curie point, the following susceptibility can be considered :9) 1-11
In terms of Eqs. A similar discussion has been presented by Abe
12
) ill the case of the paircorrelation function. However, his starting point is incorrect, which should be corrected as is shovvn in our theory.
To summarize our results, the asymptotic forms of the energy-density-energydensity, spin-spin and energy-density-spin correlation functions are given by j~;;E =-::. t2(1~a)fl (Rt", hr:1') ,
with V = (2 -a) / d and J' = fl r. These results agree with those predicted by the scaling-law approach in Hecht's paper.7) It is to be hoped that various correlation functions of the three-dimensional Ising model, at least, in the absence of magnetic field should be investigated as in the two-dimensional case. Consequently, Eq. (1\·2) can be decom posed into the follO\ving partial fractions:
In the limit of JV infinite, the summation may be replaced by the integral
Appendix B
In the same ,yay as in Appendix 1\, ,vithout loss of generality, we assume that N=2;z (eyen number). Then, Eq. (2·4) can be re,vriUen as 
T
In the limit of lV infinite, ,ye obtain the following expreSSIOn:
First, in the case of an even-even spin-correlation function, ,ve start from Eq. C3·2):
e, e ( Consequently, Eq. (1\·2) can be decom posed into the follO\ving partial fractions:
e, e ( .n:
On the other hand, the correlation function at the Curie point may be given as 
PAB(O, R) =R-?c1-f''Y/(fJl'Y)r[J (B..'"O) R-?c1 (j'Y/(fJi'Y)(b (RI"()).
Therefore, the correlation function is calculated as ·where (c·g) 
Therefore, the correlation function is calculated as Thus, if 'lye assume that the spectral intensity should be regular \vith respect to variable t near t = 0, we obtain the asymptotic correlation function of the form (C ·10). However, the above assumption seems to be severe, so that in the text we have safely accepted the form of the correlation function (3·8) in the absence of the magnetic field, and we have discussed \he relation between the correlation function in the absence of the magnetic field and that in the presence of tbe field. Similar discussions are possible for odd-odd and odd-even spin-correlation functions. Thus, if 'lye assume that the spectral intensity should be regular \vith respect to variable t near t = 0, we obtain the asymptotic correlation function of the form (C ·10). However, the above assumption seems to be severe, so that in the text we have safely accepted the form of the correlation function (3·8) in the absence of the magnetic field, and we have discussed \he relation between the correlation function in the absence of the magnetic field and that in the presence of tbe field. Similar discussions are possible for odd-odd and odd-even spin-correlation functions.
